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We theoretically study the effect of Dzyaloshinskii-Moriya interaction (DMI) on the focusing of a
spin-wave lens that is constructed by a circular interface between two magnetic films. We analytically
derive the generalized Snell’s law in the curved geometry and the position of the focal point which
exhibits a peculiar off-axial focusing behavior. We uncover a strong dependence of the focal point
on both the material parameters and the frequency of incident spin waves. Full micromagnetic
simulations compare well with theoretical predictions. Our findings would be helpful to manipulate
spin waves in chiral magnets and to design functional magnonic devices.
I. INTRODUCTION
Spin waves (or magnons when quantized) are consid-
ered as potential data carriers for future information pro-
cessing and logic operation, due to low energy consump-
tion, (sub-)micron scale wavelength, and wide frequency
range from GHz to THz [1, 2]. Control of spin-wave prop-
agation is crucial for application in magnonic devices. Re-
cently, there are growing interests to construct spin-wave
lens by engineering the interface [3, 4] or by modulat-
ing the refractive-index gradient [5–7]. These spin-wave
lens can focus a plane wave to a point with an enhanced
amplitude, which is helpful for detecting weak spin-wave
signal and the energy harvesting.
The Dzyaloshinskii-Moriya interaction (DMI) [8, 9]
is the antisymmetric component of exchange coupling,
which originates from the spin-orbit interaction in mag-
netic materials with broken inversion symmetry, either
in bulk or at the interface. The DMI holds a chiral
character and has led to a plethora of exotic phenomena
such as nonreciprocal propagation of spin waves [10–13],
magnon Hall effect [14, 15], negative refraction of spin
waves [16–18], nonlinear three-magnon processes [17, 19],
and magnonic Goos-Ha¨nchen effect [20], to name a few.
Various chiral spin-wave devices have been proposed and
designed, such as the spin-wave fiber [16, 18, 21] and the
spin-wave diode [22]. The DMI effect on the spin-wave
propagation thus opens an exciting window to observe
rich physics and to realize functional devices.
It has been regarded as a well established notion that
the focal point is on the axis of a geometrically symmet-
rical lens, when the wave beam propagates parallel to the
lens axis [3, 4, 6, 7, 23–25]. In this work, we challenge this
paradigm by theoretically investigating the DMI effect on
the focusing of a semi-circular spin-wave lens (see Fig. 1).
It is found that the DMI would cause a lateral shift of the
focal point of spin waves, thus off the lens axis. Based
on the generalized Snell’s law, we analytically derive the
coordinate of the focal point for spin-wave focusing. It
shows that the induced lateral (horizontal) focal-point
shift is an odd (even) function of the DMI parameter. In-
terestingly, we find that both the lateral and horizontal
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FIG. 1. Schematic of a spin-wave lens with a semi-
circular interface between two regions with different magnetic
anisotropies K1,2 and DMIs D1,2. The radius of the semi-
circular interface is R. The external magnetic field H0 is
along +xˆ direction to saturate the magnetization m.
shifts increase with the increasing of the spin-wave fre-
quency. However, external magnetic fields can suppress
the shift in both directions. Our results are useful for
understanding the spin-wave propagation in curved ge-
ometries and for designing functional magnonic devices
in chiral magnets.
The paper is organized as follows. In Sec. II, we
present the theoretical model for the spin-wave propa-
gation across the semi-circular interface, where the gen-
eral Snell’s law is derived to describe the wave scattering.
We obtain the analytical formula of the focal-point coor-
dinate. Section III gives the results of micromagnetic
simulations to verify theoretical predictions. Conclusions
are drawn in Sec. IV.
II. ANALYTICAL MODEL
We consider a spin-wave lens with a semi-circular in-
terface between two ferromagnetic films with different
anisotropies (K1,2) and DMIs (D1,2), as shown in Fig. 1.
The magnetization dynamics is described by the Landau-
Lifshitz Gilbert (LLG) equation
∂m
∂t
= −γµ0m×Heff + αm× ∂m
∂t
, (1)
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2where m = M/Ms is the unit magnetization vector with
the saturated magnetization Ms, γ = 1.76× 1011Hz/T is
the gyromagnetic ratio, µ0 is the vacuum permeability,
and α > 0 is the Gilbert damping constant. The effec-
tive field Heff comprises the exchange field, the DM field,
the anisotropy field, the external magnetic field, and the
dipolar field. The DMI considered here has the interfacial
form [26]
HDM =
2D
µ0Ms
[∇mz − (∇ ·m)zˆ], (2)
where D is the DMI constant. The magnetic anisotropy
along the x-axis is assumed and the film is uniformly
magnetized along the +xˆ direction (m0 = +xˆ). For sim-
plicity, the dipolar interaction is approximated by the
demagnetizing field Hd = −Msmz zˆ. For a small fluc-
tuation of m around the equilibrium direction m0, we
express the magnetization as m = m0xˆ + my yˆ + mz zˆ
with m0 ≈ 1 and |my,z|  1. Neglecting the damping
term (α = 0), the spin-wave dispersion relation can be
obtained by solving the linearized LLG equation [11, 12]
ω(k) =
√
(A∗k2 + ωHi)(A∗k2 + ωHi + ωm)+D
∗
i ky, (3)
where A∗ = 2γA/Ms with the exchange constant A,
D∗i = 2γDi/Ms, ωHi = γ(2Ki/Ms+H0) with the uniaxial
anisotropy constant Ki, ωm = γµ0Ms, and k = (kx, ky) is
the wave vector of spin wave. Here i = 1, 2 represent pa-
rameters in the left domain (region 1) and right domain
(region 2), respectively, as shown in Fig. 1. In order
to facilitate the analysis of spin-wave propagation across
the interface, we consider high-frequency spin waves, such
that Eq. (3) can be simplified to
ω(k) = A∗k2 +D∗i ky + ωHi +
ωm
2
. (4)
Based on Eq. (4), we plot the isofrequency curves of
the spin-wave propagation in two regions in k space,
as shown in Fig. 2(a). In region 1, spin waves with
a given frequency ω form a circle centered at the ori-
gin with the radius kr1 =
√
(ω − ωH1 − ωm/2)/A∗. In
region 2, the isofrequency circle is shifted by ∆ =
D∗2/2A
∗ along the −ky axis and its radius becomes kr2 =√
(ω − ωH2 − ωm/2)/A∗ + ∆2.
According to the continuity of the wave vector k tan-
gent to the interface, we obtain the generalized Snell’s
law
kr1 sin θi + ∆ cos θi = kr2 sin θt, (5)
where θi and θt are the incident and refracted angles with
respect to the interface normal, see Fig. 2(a). We assume
that spin waves are incident along +xˆ. So, through an
arbitrary incident point (xi, yi) = (R − R cos θi, R sin θi)
on the semicircle, the equation of the refracted ray can
be written as
yt = tan(θt − θi)[xt −R(1− cos θi)] +R sin θi, (6)
where (xt, yt) is the coordinate of an arbitrary point in
the refracted beam. From Eqs. (5) and (6), it is obvious
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FIG. 2. (a) Schematic plot of the generalized Snell’s law for
spin-wave scattering at the semi-circular interface. The solid
and dashed blue lines represent the tangential and normal di-
rections of the interface, respectively. ki,t and vi,t denote the
wave vector and group velocity of the incident and refracted
spin waves, with θi and θt being the incident and refracted
angles, respectively. (b) Spin-wave focusing. Red and purple
arrows label the group velocity of the incident and refracted
spin waves, respectively. The dashed blue lines are the spin-
wave rays while the red dot is the focal point (xf , yf ). θ0
corresponds to the special incident angle at which the group
velocities of the incident and refracted spin waves are parallel
with each other.
to see that the intersection of refracted rays cannot be
focused to a single point, which is the so-called spherical
aberration caused by the circular shape of the interface.
A perfect focusing only happens in the small angle limit,
while the ideal shape of the interface to focus all spin
waves can be constructed by some sophisticated meth-
ods [3, 4]. In our case, the focal point is expected to
be present on a refracted spin-wave branch that is paral-
lel with the original incident beam carrying the incident
angle
θ0 = arctan
( ∆
kr2 − kr1
)
. (7)
The intersection point of the branch with other refracted
rays is then given by
x =
R(sin θ0 − sin θi)
tan(θt − θi) +R(1− cos θi),
y = R sin θ0.
(8)
Considering the paraxial (or small-angle) approximation,
we obtain the analytical formula of the focal-point coor-
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FIG. 3. (a) Snapshot of micromagnetic simulation of the spin-
wave focusing across the semi-circular interface with ω/2pi =
75 GHz and D2 = 3 mJ/m
2. The black curve represents the
interface of the spin-wave lens. The thick black line shows the
source for spin-wave excitations. (b) Intensity map of spin
waves in (a). The red point denotes the focal point obtained
from the analytical formula (9).
dinate
xf =
kr2
kr2 − kr1R cos
3 θ0 +R(1− cos θ0),
yf = R sin θ0,
(9)
by taking the limit θi → θ0 in Eq. (8). Equation (9) is
the main result of the present work, from which one can
immediately see that the very presence of DMI leads to
an off-axial focusing of spin waves, i.e., yf 6= 0 if D2 6= 0,
[see the red dot in Fig. 2(b)]. DMI can also modify the
lateral shift xf .
III. NUMERICAL RESULTS
To verify our theoretical results (9), we perform full
micromagnetic simulations using MuMax3 [27]. We con-
sider a heterogeneous magnetic film with length 800 nm,
width 400 nm, and thickness 2 nm. The radius of the
semi-circular interface is R = 200 nm. The magnetic
anisotropy constant and the DMI strength are K1 =
1×106 J/m3 and D1 = 0 mJ/m2 in the left region (white)
and K2 = 2× 105 J/m3 and D2 = 3 mJ/m2 in the right
region (gray), see Fig. 1. Other magnetic parameters are
considered as homogeneous: Ms = 1× 106 A/m, A = 15
pJ/m, and α = 1× 10−4. An example of such a material
system is the asymmetric Pt/Co/Al2O3. The difference
of magnetic anisotropy can be realized by electrical tun-
ing [28]. As an important benchmark for frequency, the
spin-wave gaps are (ωK1 + ωm/2)/2pi = 73.6 GHz in the
left domain and [ωK2 + ωm/2− (D∗2)2/(4A∗)]/2pi = 20.4
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FIG. 4. (a)-(b) Coordinate of the focal point (xf , yf ) as a
function of the frequency ω for D2 = 0 mJ/m
2 (black squares)
and 3 mJ/m2 (red circles). (c)-(d) The dependence of (xf , yf )
on the DMI constant D2 for ω/2pi = 75 GHz. Symbols are nu-
merical data from micromagnetic simulations and solid curves
represent the analytical formula (9).
GHz in the right domain, respectively, in the absence of
external magnetic field. Absorbing boundary conditions
have been adopted to avoid the spin-wave reflection by
film edges [29].
Next, we apply a sinusoidal monochromatic microwave
field Hext = h0 sin(ωt)zˆ in a narrow rectangular area
[thick black line shown in Fig. 3(a)] to excite the spin
waves. We set the amplitude and frequency of the os-
cillating field as µ0h0 = 10 mT and ω/2pi = 75 GHz,
respectively. Numerical results obtained from micro-
magnetic simulation are shown in Fig. 3(a). We also
calculate the spin-wave intensity based on the formula
I(x, y) =
∫ t
0
[δmy(x, y, t)]
2dt, as plotted in Fig. 3(b). In
Figs. 3(a) and 3(b), one can observe an interference pat-
tern in the left domain, which is caused by the spin-wave
reflection by the semi-circular interface. In Fig. 3(b), we
clearly find a spin-wave focusing emerging in the right
domain. Notably, the focal point obtained from the nu-
merical simulation agrees excellently with the analytical
formula Eq. (9) [red point shown in Fig. 3(b)]. In addi-
tion, we note that the wavelength of spin waves is signif-
icantly shrunk across the interface [see Fig. 3(a)], which
is due to the expansion of the radius of the isofrequency
circle, as shown in Fig. 2(a). This phenomenon can be
considered as an effective method to generate the short-
wavelength spin waves, which were conventionally real-
ized by an interface with thickness step [30, 31] or by
using the magnetization precession in periodic ferromag-
netic nanowires on the top of a neighboring magnetic film
[32].
Figures 4(a) and 4(b) show the coordinate of the focal
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FIG. 5. Dependence of (xf , yf ) on the external field H0 for
ω/2pi = 90 GHz. Blue squares and red circles correspond to
numerical data from micromagnetic simulations. Solid curves
represent the analytical formula (9).
point (xf , yf ) as a function of the frequency ω for two
DMI constants. When D2 = 0 mJ/m
2, xf increases with
the spin-wave frequency ω and yf is exactly zero. It re-
covers the expectation that the focal point should be on
the lens axis (y = 0) in non-chiral magnetic media. In
the presence of DMI (D2 = 3 mJ/m
2), both xf and yf
increase with ω, which demonstrates an off-axial focus-
ing of spin waves. In Figs. 4(c) and 4(d), we plot the
dependence of the coordinate of the focal point on the
DMI constant for ω/2pi = 75 GHz. One can see that xf
decreases and yf increases with the increasing of |D2|,
respectively. Furthermore, the sign change of D2 has no
effect on xf , but it reverses the sign of yf . It can be
understood from Eq. (7) that the sign change of D2 can
switch the sign of θ0, and thus leads to the sign change
of yf according to Eq. (9). In addition, we note that the
magnitude of xf is always suppressed by DMI. Micro-
magnetic simulations agree very well with the analytical
formula (9) for the lateral shift yf but not for the hor-
izontal one xf . There are several reasons that account
for this discrepancy. First, the paraxial approximation
is adopted in the analytical model, while the incident
angles of spin waves in micromagnetic simulation are dis-
tributed broadly (−90◦ < θi < 90◦). Second, the satu-
rated magnetization is assumed in our theory. However,
the spin canting cannot be avoided at the DMI interface
(not shown) [20], which would change the spin-wave prop-
agation and affect the focal point. Lastly, the coordinate
of the focal point is obtained numerically by weighted
averaging based on the spin-wave intensity, which might
lead to sizeable errors.
In the above simulations, we have assumed a vanishing
external magnetic field, while it could be an effective knob
to manipulate the focusing of spin-wave lens. Figure 5
plots the dependence of (xf , yf ) on the external magnetic
field H0. In the calculations, we set the DMI constant
D2 = 3 mJ/m
2 and the spin-wave frequency ω/2pi = 90
GHz. It shows that the horizontal shift xf can be strongly
suppressed by the magnetic field while the lateral shift
yf is less sensitive to it. Numerical results (symbols) are
consistent with theoretical formula (curves).
IV. CONCLUSION
In summary, we have theoretically investigated the
DMI-induced off-axial focusing of a spin-wave lens. The
generalized magnonic Snell’s law at the semi-circular in-
terface and the coordinate of the focal point were an-
alytically derived. We showed that the induced lateral
(horizontal) focal-point shift is an odd (even) function of
the DMI parameter. While the shifts in both directions
increase with the increasing of spin-wave frequency, they
are suppressed by the external magnetic field. Full micro-
magnetic simulations were implemented to compare with
theoretical predictions with good agreement. Our find-
ings will help to understand the DMI effect on the spin-
wave propagation across curved interface and to design
chiral spin-wave optical elements for practical magnonic
devices in the future.
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